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Solid state physics and quantum electrodynamics with its ultra-relativistic (massless) particles meet,
to their mutual benefit, in the electronic properties of one-dimensional carbon nanotubes as well as
two-dimensional graphene or surfaces of topological insulators. However, clear experimental evidence
for electronic states with conical dispersion relations in all three dimensions, conceivable in certain
bulk materials, is still missing. In the present work, we fabricate and study a zinc-blend crystal,
HgCdTe, at the point of the semiconductor-to-semimetal topological transition. Three-dimensional
massless electrons with a velocity of about 106 m/s are observed in this material, as testified by:
(i) the dynamical conductivity which increases linearly with the photon frequency, (ii) in a magnetic
field B, by a
√
B dependence of dipole-active inter-Landau-level resonances and (iii) the spin splitting
of Landau levels, which follows a
√
B dependence, typical of ultra-relativistic particles but not really
seen in any other electronic system so far.
The physics of “Dirac cones”, which largely dominates
the research on electronic properties of 1D and 2D al-
lotropes of sp2-bonded carbon1–3 as well as topological
insulators4,5, is now anticipated to be also explored in
3D solids. Indeed, there have recently been a number of
theoretical predictions of a class of fairly novel materials
with conical 3D electronic bands, such as Weyl semimet-
als (with even number of momentum points where two
conical bands touch) and Dirac semimetals (with one
or more momentum points, in which four conical bands
meet). Those compounds, such as the metastable β-
cristobalite BiO2 (Ref. 6), pyrochlore iridates such as
Y2Ir2O7 (Ref. 7 and 8), A3Bi where A is an alkali metal
Na, K, or Rb (Ref. 9), distorted spinels (Ref. 10), as
well as TlBi(S1−xTex)2 and TlBi(S1−xSex)2 (Ref. 11),
will be possibly probed experimentally in the future,
to clarify their bulk electronic structure. The surface
states of the latter compound have already been probed
experimentally12,13.
On the other hand, the presence of 3D conical disper-
sion relations of electronic states was suggested a long
time ago14 to be possible in more conventional, zinc-
blende compounds known as narrow-gap semiconductors.
On experimental ground, this particular shape of dis-
persion relations has not been seen as the main focus
of studies so far. Nevertheless, a number of investiga-
tions, particularly intense in the sixties and seventies and
including magneto-optical studies,15–19 have shown that
the effective mass of the carriers and the energy band gap
in Hg1−xCdxTe (MCT) can be made very small. The
band gap was estimated down to tens of meV and the
effective mass to 10−2 in samples with cadmium concen-
tration close to x = 0.17. This could be a sign of linear
dispersion relations, though previous experiments studies
might have suffered the insufficient sample quality (inho-
mogeneous chemical composition and high, unintentional
doping) to be more conclusive.
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FIG. 1. A schematic view of the electronic dispersion of
MCT at kz = 0 for three different cadmium concentrations x.
A standard gapped semiconductor for x > xc becomes a
semimetal at x < xc. At the point of the topological transi-
tion, x = xc, the conduction band and the light-hole valence
band have a 3D conical dispersion, which is crossed at the
vertex by an almost flat heavy-hole band. In all parts, blue
color corresponds to the conduction band, the valence bands
are depicted in red.
2If the cadmium content is sufficiently high, x > xc ≈
0.17, the MCT compounds are conventional (narrow gap)
semiconductors with the standard sequence of different
symmetry bands: the s-type Γ6 band is fixed above the
p-type Γ8 bands, as schematically shown in Fig. 1. In-
stead, if x < xc, the band order is inverted: the Γ6 band
lies below the Γ8 bands. As the two Γ8 bands always
touch each other at the Γ point of the first Brillouin
zone, and only the lower band is occupied in the in-
trinsic case, for x < xc the band structure is gapless,
and MCT becomes a semimetal. The two distinct phases
are not topologically equivalent, as characterized by a
Z2 topological invariant
20. At the point of the topologi-
cal transition, when the cadmium concentration reaches
its critical value, x = xc, the bandgap shrinks to zero
19
and the electronic dispersion relation presents some very
peculiar properties.
These conical bands have several spectacular proper-
ties similar to those in Dirac and Weyl semimetals (such
as Klein tunnelling and suppressed backscattering, as dis-
cussed below). Nevertheless, a crucial difference must be
stressed. Weyl semimetals are topologically protected,
i.e., the Weyl points are stable with respect to small per-
turbations. Dirac semimetals are not topologically pro-
tected, but can be protected by the crystal symmetry
(i.e., the Dirac points are stable with respect to pertur-
bations which preserve this symmetry). The conical dis-
persion in the gapless MCT is not protected by symmetry
or topology; rather, it is achieved by fine tuning of a sys-
tem parameter (cadmium concentration). The protected
bands might be robust and then advantageously unaf-
fected by small changes of external parameters. On the
other hand, the band structure of MCT can be suitably
engineered in benefit to design and fabricate the “gapped-
at-will” compounds and their interfaces with massless
systems.
The basic theoretical approach, needed to understand
these properties, is based on the standard Kane model21,
whose validity for MCT has been confirmed by a num-
ber of previous studies15–18 and which usually implies
more than 10 free parameters.19 Here, we retain only the
terms linear in the wave vector, and neglect the split-off
Γ7 band [the magnitude of the splitting, ∆ ≈ 1 eV (Refs.
19 and 22) is assumed to be sufficiently large]. For the
remaining six bands, the Hamiltonian can be written as
(see Supplementary Information):
H(k) =


0 vk+
√
3/2 −vk−/2 0 0 −vkz
vk−
√
3/2 0 0 0 0 0
−vk+/2 0 0 −vkz 0 0
0 0 −vkz 0 −vk−
√
3/2 vk+/2
0 0 0 −vk+
√
3/2 0 0
−vkz 0 0 vk−/2 0 0


≡ vk · J, (1)
where k± = kx±iky, and the velocity v =
√
EP /(3m0) ≈
106m/s is expressed in terms of the free electron massm0
and the Kane energy EP (typically, EP ≈ 20 eV for zinc
blende semiconductors, see, e.g., Ref. 23). The velocity
is thus the only free parameter, which makes this model
extremely simple.
The Hamiltonian (1) has three eigenvalues, each dou-
bly degenerate due to the Kramers theorem (time-
reversal symmetry):
Ek = 0,±v|k| (2)
As usual, the two components of the Kramers doublet can
be labelled by two spin projections ↓, ↑, even though this
degree of freedom has a strong admixture of the orbital
motion due to the spin-orbit coupling. This implies an
anomalously large and nonlinear Zeeman effect.
The eigenvalue Ek = 0 corresponds to the heavy-hole
band which, in the approximation of Eq. (1), is dis-
persionless (completely flat) or, in other words, charac-
terized by an infinite effective mass. The inclusion of
parabolic terms in the electron dispersion results in a
downward bending of the heavy-hole band, away from
k = 0. This curvature, corresponding to a heavy-hole
mass of about mhh ≈ 0.5m019, is not sensitive to the
topological transition at x = xc. The simplified picture
of massless and infinite-mass particles can be used at suf-
ficiently low energies E, such that the “relativistic” mass
of massless fermions, mc = E/v
2 ≪ mhh. This defines
the energy cutoff ofmhhv
2 ≈ 3eV, less stringent than the
spin-orbit splitting ∆ ≈ 1 eV. One step beyond the ap-
proximation of Eq. (1) is therefore to use the eight-band
model with a finite ∆ though still ignoring the apparent
dispersion of the heavy hole band (see Supplementary In-
formation for details). We follow such an approach when
it is necessary to refine the analysis of the experimental
data.
The matrices J = {Jx, Jy, Jz} which appear in Eq. (1)
do not satisfy the algebra of angular momentum 1, nor
any other closed algebra. Notably, the massless fermions
in MCT are not equivalent to the three-dimensional Dirac
electrons in the ultra-relativistic limit of the quantum
electrodynamics (QED). For example, the Hamiltonian
in Eq. (1) has the characteristic property:
UcH(k)Uc = −H(k), Uc ≡ diag(1,−1,−1, 1,−1,−1).
(3)
3Note, however, that there are more −1’s than 1’s in Uc,
hence it is not the usual chiral property. As discussed
in the Supplementary Information, the property (3) en-
sures the existence of a doubly-degenerate flat band. To
the best of our knowledge, the Hamiltonian (1) does not
reduce to any well-known case of massless particles in
quantum electrodynamics. We therefore invoke a new
term “Kane fermions” to refer to the electronic states of
MCT at the point of the topological transition (to states
in gapless MCT).
Massless Kane fermions share, however, a number of
properties with other ultrarelativistic particles. A promi-
nent example is Klein tunnelling invoked for 3D Dirac
electrons in QED and apparent for 2D Dirac electrons in
graphene25,26. A perfect transmission through an arbi-
trarily high potential barrier at normal incidence, due to
the Klein paradox, should also occur in a gapless MCT.
This can be seen by noting that the eigenstates corre-
sponding to the same (e. g., positive) energy but to op-
posite wave vectors k,−k, also correspond to different
eigenvalues, ±1, of the projection of J on k. Thus, a
potential which does not change J (such as the electro-
static potential which acts in the same way on electrons
in all bands and thus is proportional to the unit matrix),
cannot backscatter an electron in the conduction band.
In order to prove the concept of massless Kane fermions
in experiments, we have used the MBE technique to grow
thin layers of MCT on semi-insulating GaAs substrates
(see Supplementary Information). The optimal structure
was used for measurements. It contains an MCT layer
with cadmium concentration close to xCd = 0.17 which
extends over a thickness of d ≈ 3.2µm. The relevant part
of this MCT layer is sufficiently thick to be considered
a 3D material and at the same time thin enough to be
suitable for our optical transmission experiments.
A striking consequence of conical dispersions on the
optical properties of 3D massless fermions is the ab-
sorption coefficient λ(ω) being proportional to the fre-
quency ω, distinctly in contrast to frequency indepen-
dent absorption of 2D Dirac electrons as observed in
graphene27,28. In simple words, these characteristic de-
pendences result from the particular forms of the joint
density of states D(ω), which define the basic absorption
profile in solids: λ(ω) ∝ D(ω)/ω. A conical dispersion
in 2D yields D(ω) ∝ ω, whereas it implies D(ω) ∝ ω2,
and thus λ(ω) ∝ ω in case of a 3D system with massless
particles.
To be more quantitative, we use a simple form of the
Hamiltonian given by Eq. (1) and follow the standard
recipe23 to analytically derive the dielectric function ε(ω)
of the system (see Supplementary Information). Fixing
Ω for the high-energy cut-off of the conical dispersion,
one finds that if ω ≪ Ω, then:24
ε(ω) = ε∞ + α
13
12
c
v
(
2
pi
ln
Ω
|ω| + i signω
)
, (4)
where α is the fine structure constant (α ≈ 1/137)
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FIG. 2. Absorption coefficient of MCT at zero magnetic field,
λB=0, measured experimentally, see the text and Methods
for details. While the low-energy response is dominated by
absorption due to phonons, the linear dependence on ω at
higher photon energies is directly linked to the conical dis-
persion of 3D massless fermions. The interband absorption in
gapless MCT, schematically shown in the inset, is dominated
by transitions from the flat (heavy-hole) band.
and ε∞ accounts for the contribution from transitions
other than those described by Eq. (1). The dissipative
part of the dielectric function, Im ε(ω), is dispersionless,
while Re ε(ω) gains a weak (logarithmic) dependence on
ω. Consequently, we derive the dynamical conductivity,
σ(ω) = i(1 − ε)ε0ω, the real part of which is a linear
function of ω. Let us note that (interband) absorption
in gapless MCT is dominated by transitions from the flat
(heavy-hole) band, which is fully occupied in the intrinsic
(undoped) material.
Equation (4) implies a nearly frequency-independent
extinction coefficient κ = Im
√
ε(ω), and consequently,
the absorption coefficient λ(ω) increasing linearly with
ω, λ(ω) = 2κω/c. The experimentally observed value
κ = 0.47± 0.02 derived directly from the data shown in
Fig. 2 agrees fairly well with the extinction coefficient,
κ ≈ 0.4, calculated using Eq. 4, see Methods for more
details.
In a strong magnetic field, the 3D dispersion is trans-
formed into a set of Landau levels (LLs), or more pre-
cisely, into 1D Landau bands which disperse with the
momentum component along the field (z axis). Inserting
the magnetic field into the Hamiltonian in Eq. (1) via
the standard Peierls substitution, ~k → ~k − eA, one
obtains for gapless MCT the LL energies [see Eq. (S28)
of the Supplementary Information]:
Eζ,n,σ(kz) = ζ~v
√
(2n− 1 + σ/2)l−2B + k2z , (5)
where l−2B = eB/~ and the LL index n = 0, 1, 2 . . .. For
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FIG. 3. Part (a): Landau levels (for kz = 0)
in gapless MCT, Lζ,n,σ , as a function of the
magnetic field, calculated using the eight-band
model, using only v and ∆ parameters. Ar-
rows of different colors show the optically al-
lowed transitions in undoped gapless MCT in
the two circular polarizations σ+ and σ−. Parts
(b) and (c): Experimentally measured absorp-
tion coefficient λB (absorbance) as a function of
the photon energy, presented for two values of
the magnetic field, B = 16 and 28 T, respec-
tively.
n ≥ 2, the band index is ζ = 1, 0,−1, while at n = 1 only
ζ = ±1 are allowed and at n = 0 only ζ = 0 exists. The
states in the flat band remain at zero energy, because the
property (3) remains valid in the presence of a magnetic
field.
The quantum number σ = ±1 shows how the Kramers
degeneracy, mentioned above, is lifted by the magnetic
field. Thus, σ can be viewed as the spin projection on
the magnetic field. The spin splitting is entirely deter-
mined by the orbital parameters v, n, and kz. Moreover,
at kz = 0 the spin splitting of all Landau levels is pro-
portional to
√
B, which means that the g factor defined
in the standard way, gζ,n = (Eζ,n,↑ − Eζ,n,↓)/(µBB),
diverges at B → 0. This is quite unusual for a solid
state system, and, in particular, does not hold for the
Dirac fermions in graphene. On the other hand, such be-
havior is characteristic of ultrarelativistic Dirac electrons
in QED, Eζ,n,σ(kz) = ζ~c
√
(2n+ 1 + σ)/l2B + k
2
z , where
n = 0, 1 . . . and ζ = ±1, see, e.g., Ref. 30. Note, how-
ever, an essential difference: in QED, a level (n, σ = +1)
is degenerate with the level (n + 1, σ = −1). Such de-
generacy is absent for Kane fermions, since it is σ/2 that
enters Eq. (5). The
√
B spin splitting occurs in MCT
because the strength of the spin-orbit coupling becomes
effectively infinite when the energy gap vanishes. Let us
now discuss how the
√
B dependence of LLs and also
of the spin splitting at kz = 0, described by Eq. (5), is
verified experimentally.
The magneto-optical response of MCT is determined
by electric-dipole selection rules: ∆n = n ± 1 with “±”
corresponding to the two circular polarizations, ∆kz = 0,
∆σ = 0, and no restriction on ζ. In the undoped MCT,
the incident photon can excite electrons from the filled
valence bands, ζ = −1, 0, to the empty conduction band,
ζ = 1, as shown schematically in Fig. 3(a). Examples of
the measured spectra are shown in Fig. 3(b). Since the
dispersion of each Landau band near kz = 0 is parabolic,
the joint density of states has sharp inverse-square-root
singularities at energies of the transitions with kz = 0,
with an abrupt cutoff on the low-energy side and a shoul-
der on the high-energy side, as expected also for Weyl
semimetals.31 In the absence of a magnetic field, such a
density of states can be found in 1D Dirac-type systems,
in particular, in carbon nanotubes1. Note that the sin-
gularity of the lowest transition is less sharp than that of
the next one. We attribute this to a small residual elec-
tronic doping, which results in filling of the states with
very small kz in the lowest Landau level in the conduc-
tion band (L1,1,↑), so that the optical transition involv-
ing these states is blocked by the Pauli principle, thereby
cutting off the singularity.
The key feature of the massless fermions, expressed by
Eq. (5) is the
√
B-dependence of the transition energies
at kz = 0. In Fig. 4, we plot the infrared absorbance spec-
trum (relative to the zero-field absorbance) for magnetic
fields up to 31 T. When plotted as a function of
√
B,
the positions of the kz = 0 singularities guide the eye
along straight lines. A close inspection shows that they
are slightly curved at high fields. This weak curvature
can be accounted for by including the spin-orbit split-off
band with ∆ = 1 eV. The theoretical curves in Fig. 4
were produced using such an 8-band model, considering
vF and ∆ as only two parameters. The two brightest lines
correspond to the transitions from the flat band to the
two spin-split components of the first Landau level in the
conduction band (levels L1,1,↑ and L1,1,↓, see Fig. 3(a)).
This agreement between experiment and theory provides
us with another fingerprint of 3D massless fermions in
5gapless MCT. Let us note the
√
B-dependence does not
serve as a unique signature of 3D massless particles and
it can be found, for a certain range of magnetic fields,
in the optical response of other bulk materials, e.g., in
highly anisotropic graphite and bismuth32,33.
Having shown that in a wide, 30 − 300 meV energy
range, the optical response of our sample is well explained
by a model of gapless and intrinsic (undoped) MCT, we
focus now on the low energy, low magnetic field range (see
Fig. 5) of our data, with the aim of estimating the accu-
racy of such an approach. The spectral range of interest,
below 30 meV, is not easy to explore because of strong
phonon contributions to the absorption, which mask the
evolution of electronic resonances. Nevertheless, a slight
deviation of the experimental data from a model of an
ideal, gapless and intrinsic MCT becomes apparent.
Firstly, we concentrate on two, most pronounced in-
terband transitions in the region around 25 meV and
conclude that they appear at higher energies than those
expected from simple calculations using Eq. (5). This
discrepancy points towards an MCT with a small but
still non-zero gap Eg. Setting Eg = 4 meV in calcula-
tions we satisfactorily improve the data modelling (see
solid lines in Fig. 5).
The second relevant observation is that the interband
transitions, which are strong at higher energies, rather
suddenly weaken in the limit of low magnetic fields. At
the same time the lowest energy interband transition
transforms into a resonance which follows a linear rather
than
√
B dependence in small magnetic fields. These
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− ln[TB/T0], in a form of a color-map at low fields. The inset
shows selected transmission spectra, in which the well-defined
CR response is observed down to 30 mT. The solid and dashed
lines correspond to expected positions of inter-LL transition in
a MCT system with v = 1.06×106 m/s and small energy gap
of Eg = 4 meV. Solid lines show two lowest lying interband
resonances (from the flat band to L1,1,↑ and L1,1,↓ levels),
the dashed lines are pure CR-like transitions between pairs of
adjacent LLs in the conduction band (ζ = 1, n = 1, 2, 3 . . .).
The grey areas correspond to regions of strong phonon-related
absorption in MCT.
effects indicate that our structure is not perfectly intrin-
sic but characterized by a nonzero electron concentra-
tion (Fermi energy EF in the conduction band). Indeed,
if the electron concentration is not zero, each interband
Landau level transition must be (Pauli) blocked at suffi-
ciently low fields, when the corresponding electronic Lan-
dau level crosses below the Fermi energy. Our interband
transitions are barely seen at energies below 15 meV, see
Fig. 5. This allows us to estimate EF ≈ 15 − 17 meV,
and in consequence also the electron concentration n =
1
3pi2v3~3 [EF (EF − Eg)]3/2 = (2 − 3) × 1014 cm−3 (for
Eg = 4 meV estimated above).
The presence of free electrons in our structure explains
also its spectral response at low energies (below 15 meV).
This response is due to classical cyclotron resonance ab-
sorption at low magnetic fields, which transforms with
increasing B into intraband transitions between adjacent
Landau levels and ends up as a transitions from the flat
band into L1,1,↑ level, see Fig. 3(a), when EF is locked at
the bottom of L1,1,↑ level. It is worth noticing that, in-
dependently of parabolic or linear electronic dispersions,
the classical cyclotron resonance is linear with the mag-
netic field, invoking a mc = EF /v
2 effective mass in case
of linear dispersion relations34–36. In our case, a small
gap is present and the cyclotron mass becomes mc =
6(EF − Eg/2)/v2 ≈ 2× 10−3m0. This value corresponds
well to the cyclotron mass, mc = (1.5 ± 0.5) × 10−3m0
derived directly from the slope of cyclotron resonance
absorption in the limit of low magnetic fields.
In conclusion, we have observed a new type of 3D mass-
less fermions, which extend the currently known family
of 3D massless particles. These “Kane fermions” share
many features with previously discussed Weyl and Dirac
fermions: optical absorption which is linear in frequency,
Landau levels and their Zeeman splitting, which are pro-
portional to
√
B and rigidly related to each other. How-
ever, the relation between the spin and orbital splitting
for massless Kane fermions is different from that for the
ultra-relativistic Dirac electrons or Weyl fermions, which
is one manifestation of their inequivalence. An important
difference from massless electrons in Weyl semimetals is
that the massless fermions in MCT are not protected by
symmetry or topology; rather, we have engineered the
conical dispersion by fine tuning a system parameter,
cadmium concentration, which is extremely homogeneous
over a macroscopic thickness. This lack of protection, in
fact, may represent a major advantage for potential ap-
plications: the very robustness of semimetals protected
by symmetry or topology makes them hard to manipu-
late (e.g., to introduce a small controllable gap), while the
band structure of the MCT can be engineered at will, as
our work shows. The high degree of technological control
over this material opens further perspectives for its use
in electronic devices, where one could benefit from the
peculiar properties of massless fermions, such as the sup-
pressed backscattering (Klein paradox) and the related
inefficient Auger-type recombination.
While our paper was under review, we have learned
about several recent preprints,38–40 where related the is-
sues are discussed.
Methods
The sample was grown using standard molecular-beam epi-
taxy on a (013)-oriented semi-insulating GaAs substrate. The
growth sequence started with ZnTe and CdTe transition re-
gions, followed by the MCT epilayer with gradually changing
cadmium content x (see Supplementary Information). The
prepared MCT layer contains a region with x ≈ 0.17 of thick-
ness d ≈ 3.2 µm.
The absorption coefficient of MCT was measured in the
transmission configuration. A macroscopic area of the sam-
ple of about 4 mm2 was exposed to the radiation of a globar
or mercury lamp, which was analyzed by a Fourier transform
spectrometer, and via light-pipe optics delivered to the sam-
ple placed either in a superconducting solenoid or resistive
coil. At low fields, the correction for the remanent field of
the solenoid has been made. The transmitted light was de-
tected by a composite bolometer placed directly below the
sample, kept at a temperature of 1.8 K. The sample trans-
mission TB at a given magnetic field B, was normalized by
the substrate transmission, TS, measured in the absence of
MCT. The absorption coefficient λB was determined from
the relation TB/TS = exp(−λBd). This relation neglects the
dielectric mismatch between MCT and GaAs. A significant
mismatch would result in additional reflection and would pro-
duce a constant vertical shift of the curve in Fig. 2, so the
straight line would not pass through the origin. The fact that
it does, shows that the dielectric mismatch is indeed negligi-
ble. This implies ε∞ ≈ 6, when the realistic cut-off energy
Ω = 1.5 eV is assumed37.
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I. SAMPLE STRUCTURE
The studied sample was grown using the standard MBE technique on the (013)-oriented semi-insulating GaAs substrate.
The growth sequence started with ZnTe and CdTe transition (buffer) regions, followed by the MCT epilayer with gradually
changing cadmium content x. The profile of cadmium content is shown in Fig. 6. The prepared MCT layer contains a region
with x ≈ 0.17 of thickness d ≈ 3.2 µm. The cadmium profile has been controlled during growth using in situ single wavelength
ellipsometry, see, e.g., Ref. S1.
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FIG. 6. The profile of cadmium content in the studied sample.
II. KANE MODEL AND THE EFFECTIVE BAND HAMILTONIAN
In zinc-blende semiconductors the orbital degeneracies of the conduction and valence bands are 1 and 3, respectively. At
k = 0 we can choose a real Bloch function uc(r) for the conduction band, and three real functions uX(r), uY (r), uZ(r) for
the valence band. The function uc(r) transforms according to the identical representation Γ1 of the crystal group Td, while
uX(r), uY (r), uZ(r) transform according to the vector Γ15 representation, equivalently to the functions x, y, z. Out of the three
real functions uα(r) one can make linear combinations um(r) corresponding to eigenfunctions of the z-projection of the orbital
angular momentum l = 1:
u+1 = − i√
2
(uX + iuY ),
u0 = iuZ ,
u−1 =
i√
2
(uX − iuY ).
(6)
The spin structure of the wave functions can be accounted for by introducing two spinors χ↑, χ↓, corresponding to the two values
of the spin projection on the z axis. Spin-orbit interaction splits the 2(2l+1)-fold degenerate valence band into two subspaces
corresponding to the total angular momentum J = 1/2 and J = 3/2, the latter manifold corresponding to the topmost valence
band. Explicitly,
u3/2;+3/2 = u+1χ↑,
u3/2;+1/2 =
√
2/3 u0χ↑ +
√
1/3 u+1χ↓,
u3/2;−1/2 =
√
2/3 u0χ↓ +
√
1/3 u−1χ↑,
u3/2;−3/2 = u−1χ↓,
u1/2;+1/2 =
√
1/3 u0χ↑ −
√
2/3 u+1χ↓,
u1/2;−1/2 = −
√
1/3 u0χ↓ +
√
2/3 u−1χ↑,
(7)
9It is convenient to arrange the basis vectors as(
ucχ↑ u3/2,+3/2 u3/2,−1/2 u1/2,+1/2 ucχ↓ u3/2,−3/2 u3/2,+1/2 u1/2,−1/2
)
(8)
=
(
ucχ↑ uXχ↑ uY χ↑ uZχ↑ ucχ↓ uXχ↓ uY χ↓ uZχ↓
)
U, (9)
U =


1 0 0 0 0 0 0 0
0 −√1/2 i √1/6 i 0 0 0 0 √1/3 i
0
√
1/2
√
1/6 0 0 0 0
√
1/3
0 0 0
√
1/3 i 0 0
√
2/3 i 0
0 0 0 0 1 0 0 0
0 0 0
√
1/3 i 0
√
1/2 i −
√
1/6 i 0
0 0 0 −
√
1/3 0
√
1/2
√
1/6 0
0 0
√
2/3 i 0 0 0 0 −√1/3 i


, (10)
then the time reversal matrix is just σy , the second Pauli matrix acting in the 2× 2 space made of 4× 4 blocks.
In this basis, the electronic Hamiltonian at k = 0 is given by
H(k = 0) =


Eg 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 −∆ 0 0 0 0
0 0 0 0 Eg 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −∆


, (11)
where the energy is counted from the top of the J = 3/2 valence band. ∆ is the spin-orbit splitting between the J = 3/2 and
the J = 1/2 valence bands. The band gap is parametrized by Eg ≈ (x− xc) · 1.9 eV, see Ref. S2. Since Eg < 0 at x < xc, the
semimetallic MCT is sometimes called a negative-gap semiconductor.
The linear in k terms in the effective band Hamiltonian are obtained in the first order of the k · p perturbation theory. The
momentum matrix elements between the conduction and the valence band Bloch functions are determined by∫
uα(r)
∂uc(r)
∂xβ
d3r = Pδαβ, (12)
where P is the Kane’s matrix element, and 2P 2/m0 ≡ EP is called Kane’s energy (m0 is the free electron mass).
The effective Hamiltonian to O(k) is given by:
H(k) = H(k = 0) + U†

 Pm0


0 ikx iky ikz
−ikx 0 0 0
−iky 0 0 0
−ikz 0 0 0

⊗
(
1 0
0 1
)U =
=


Eg vk+
√
3/2 −vk−/2 −vkz/
√
2 0 0 −vkz −vk−/
√
2
vk−
√
3/2 0 0 0 0 0 0 0
−vk+/2 0 0 0 −vkz 0 0 0
−vkz/
√
2 0 0 −∆ −vk−/
√
2 0 0 0
0 0 −vkz −vk+/
√
2 Eg −vk−
√
3/2 vk+/2 vkz/
√
2
0 0 0 0 −vk+
√
3/2 0 0 0
−vkz 0 0 0 vk−/2 0 0 0
−vk+/
√
2 0 0 0 vkz/
√
2 0 0 −∆


,
(13)
where v ≡
√
3/2P/m0, and k± ≡ kx ± iky . This Hamiltonian obeys the time-reversal symmetry, σyH∗(k)σy = H(−k), where
σy is the second Pauli matrix acting in the 2× 2 space made of 4× 4 blocks. The eigenvalues of the Hamiltonian (13) can be
found from the equation
det(H − E) = E2 {E3 + (∆−Eg)E2 − [Eg∆+ (3/2)v2k2]E − v2k2∆}2 = 0. (14)
They do not depend on the direction of k.
In the limit of large ∆, the Hamiltonian can be easily projected on the subspace, orthogonal to the the split-off band. If
we are not interested in terms quadratic in k, the projection is done by simply eliminating the fourth and the eight row and
column of the matrix in Eq. (13):
H(k) =


Eg vk+
√
3/2 −vk−/2 0 0 −vkz
vk−
√
3/2 0 0 0 0 0
−vk+/2 0 0 −vkz 0 0
0 0 −vkz Eg −vk−
√
3/2 vk+/2
0 0 0 −vk+
√
3/2 0 0
−vkz 0 0 vk−/2 0 0


. (15)
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This matrix has three doubly-degenerate eigenvalues:
Ek = 0, Ek =
Eg
2
±
√
E2g
4
+ v2k2. (16)
The eigenvalue E = 0 corresponds to the heavy-hole band, which in this approximation is completely flat.
Let us see how the existence of the flat band follows from the property UcH(k)Uc = −H(k), with H(k) given by Eq. (15) and
Uc = diag(1,−1,−1, 1,−1,−1). Consider the general situation: an (n+m)× (n+m) matrix A, anticommuting with a matrix
Uc which has m eigenvalues equal to 1, and n eigenvalues equal to −1, and m < n. Let us work in the basis of the eigenvectors
of Uc, which are arranged in such an order that Uc = diag(−1, . . . ,−1, 1, . . . , 1). The condition UcAUc = −A implies that in
this basis the matrix A has the following block structure:
A =
(
0n×n A
′
n×m
A′′m×n 0m×m
)
. (17)
Consider now the n-dimensional subspace of column vectors x = (x1, x2, . . . , xn, 0, . . . , 0)
T . All these vectors satisfy the first
n equations of the linear system Ax = 0. The remaining m equations leave an (n − m) dimensional subspace of solutions
Ax = 0, which corresponds to the zero eigenvalue of A with multiplicity n−m.
III. OPTICAL ABSORPTION AT ZERO MAGNETIC FIELD
Let us start from the standard expression for the optical conductivity, obtained from the Kubo formula for the response of
the current to the monochromatically oscillating vector potential:
σij(ω) = −ie2
∫
d3k
(2pi)3
6∑
l,l′=1
fl,k − fl′,k
El,k − El′,k
〈l,k|vi|l′,k〉〈l′,k|vj |l,k〉
ω − El′,k + El,k + i0+ . (18)
Here l, l′ = 1, . . . , 6 label the eigenstates of H(k) which is given by Eq. (15), fl,k are the occupations of these eigenstates, and
the velocity matrices are vi = ∂H(k)/∂ki = vJi, where i, j = x, y, z label the Cartesian components.
To calculate the velocity matrix elements, we note that the projection of the vector J on an arbitrary direction n =
(sinϑ cosϕ, sinϑ sinϕ, cos ϑ), determined by the spherical angles ϑ,ϕ, can be related to Jz by a rotation
J · n = Jx sinϑ cosϕ+ Jy sinϑ sinϕ+ Jz cos ϑ = U†ϕ(Jx sinϑ+ Jz cos ϑ)Uϕ = U†ϕU†ϑJzUϑUϕ, (19)
Uϕ = diag
(
eiϕ/2, e3iϕ/2, e−iϕ/2, e−iϕ/2, e−3iϕ/2, eiϕ/2
)
, (20)
Uϑ =


c 0 0 s 0 0
0 c3
√
3cs2 0 s3
√
3c2s
0
√
3cs2 c3 − 2cs2 0 √3c2s s3 − 2c2s
−s 0 0 c 0 0
0 −s3 −√3c2s 0 c3 √3cs2
0 −√3c2s −s3 + 2c2s 0 √3cs2 c3 − 2cs2


, c ≡ cos ϑ
2
, s ≡ sin ϑ
2
. (21)
Thus, the eigenstates |l,k〉 for an arbitrary direction of k can be related to those for k along z by |l,k〉 = U†ϕU†ϑ|l, k, z〉, where
ϑ, ϕ are the spherical angles of k.
By symmetry, the tensor structure of the conductivity is trivial, σij(ω) = σ(ω). This can also be shown by the direct
calculation, whose details we do not give, but which is fully analogous to the one given below. We calculate just one component,
σzz. Since the energies El,k depend only on |k|, we can integrate over the angles using Eq. (19):
Jll′ =
∫
sinϑdϑdϕ
∣∣〈l,k|Jz|l′,k〉∣∣2 = 8pi
3
∣∣〈l, k, z|Jx|l′, k, z〉∣∣2 + 4pi
3
∣∣〈l, k, z|Jz |l′, k, z〉∣∣2 . (22)
The eigenvectors of the Hamiltonian (15) for k along the z axis are (in the order of decreasing energy)

S
0
0
0
0
−C

 ,


0
0
S
−C
0
0

 ,


0
1
0
0
0
0

 ,


0
0
0
0
1
0

 ,


C
0
0
0
0
S

 ,


0
0
C
S
0
0

 ,
where we have denoted
C = cos
(
φg
2
+
pi
4
)
, S = sin
(
φg
2
+
pi
4
)
, φg ≡ arcsin Eg/2√
E2g/4 + v2k2
.
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This gives
Jll′ = pi
3


4c2g 2s
2
g 3(1 + sg) 0 4s
2
g 2c
2
g
2s2g 4c
2
g 0 3(1− sg) 2c2g 4s2g
3(1 + sg) 0 0 0 3(1− sg) 0
0 3(1− sg) 0 0 0 3(1 + sg)
4s2g 2c
2
g 3(1− sg) 0 4c2g 2s2g
2c2g 4s
2
g 0 3(1 + sg) 2s
2
g 4c
2
g

 , cg = cos φg, sg = sinφg. (23)
Substituting this into Eq. (18), we finally obtain
Reσ(ω > 0) =
pi2
3
e2
vω
∞∫
0
ξ2 dξ
8pi3
[
6 δ
(
Eg
2
+
√
E2g
4
+ ξ2 − ω
)
+ 4
(
1 +
E2g
E2g + 4ξ2
)
δ
(√
E2g + 4ξ2 − ω
)]
=
=
e2
4piv
[
θ(2ω − |Eg| − Eg)
(
1− Eg
2ω
)√
ω2 − ωEg + 1
16
θ(ω − |Eg|)
(
1 +
E2g
ω2
)√
ω2 −E2g
]
. (24)
For the gapless case, Eg = −, we obtain Reσ(ω > 0) = 1312ω e
2
vpi
. The imaginary part of the dielectric function, ε(ω) =
1 + iσ(ω)/(ε0ω), then becomes Im ε(ω > 0) =
13
12
c
v
α, where α is the fine structure constant.
IV. LANDAU LEVELS
In the presence of a magnetic field, described by the vector potential in the Landau gauge Ax = −By, Ay = Az = 0, we
make the standard Peierls substitution p→ p− eA in the Hamiltonian (15), and seek the eigenstates in the form
ψ(x, y) = eipxx
(
x↑Φn−1 y↑Φn z↑Φn−2 x↓Φn−2 y↓Φn−3 z↓Φn−1
)T
, (25)
where Φn = Φn(y + pxl
2
B) are the harmonic oscillator wave functions and lB is the magnetic length. It can be checked directly
that the form (25) is preserved upon action on ψ(x, y) by the Hamiltonian. The coefficients satisfy the following linear system
(we denote ζ ≡ pzlB for brevity):
Eg − E
v/lB
x↑ +
√
3n
2
y↑ −
√
n− 1
2
z↑ − ζz↓ = 0,√
3n
2
x↑ − E
v/lB
y↑ = 0,
−
√
n− 1
2
x↑ − E
v/lB
z↑ − ζx↓ = 0,
−ζz↑ + Eg − E
v/lB
x↓ −
√
3(n− 2)
2
y↓ +
√
n− 1
2
z↓ = 0,
−
√
3(n− 2)
2
x↓ − E
v/lB
y↓ = 0,
−ζx↑ +
√
n− 1
2
x↓ − E
v/lB
z↓ = 0.
(26)
Its analysis is especially simple at pz = 0, when the system is split into two decoupled 3× 3 blocks for x↑, y↑, z↑ and x↓, y↓, z↓,
respectively. It is convenient to shift n − 1 → n in the “↓” block. In each block, the Landau levels can be labeled by
n = 0, 1, 2, . . ., ζ = −1, 0, 1. At n = 1, only ζ = ±1 are allowed, while at n = 0 only ζ = 0 exists:
En,ζ,↑↓ = ζ
2 Eg
2
+ ζ
√
E2g
4
+
v2
2l2B
(4n− 2± 1), (27)
ψn>1,0,↑ =
1√
4n− 1

 0√n− 1Φn√
3nΦn−2

 , ψ0,0,↑ =

 0φ0
0

 , (28)
ψn>0,±1,↑ =
1√
E2 + (2n− 1/2)(v/lB)2

 −EΦn−1−√3n/2 (v/lB)Φn√
(n− 1)/2 (v/lB)Φn−2

 , (29)
ψn>1,0,↓ =
1√
4n− 3

 0√nΦn−2√
3(n− 1)Φn

 , ψ0,0,↓ =

 00
Φ0

 , (30)
ψn>0,±1,↓ =
1√
E2 + (2n− 3/2)(v/lB)2

 −EΦn−1√3(n− 1)/2 (v/lB) Φn−2
−
√
n/2 (v/lB)Φn

 . (31)
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The selection rules for the optical absorption at pz = 0 are obtained by calculating the matrix elements of J± = Jx ± iJy :
〈n′ζ′σ′|J+|nζσ〉 ∝ δσσ′δn′,n−1 (1− δζ0δζ′0) . (32)
At pz 6= 0, the Landau levels can be found directly from the system (26):
En,ζ,↑↓ = ζ
2 Eg
2
+ ζ
√
E2g
4
+
v2
2l2B
(4n− 2± 1) + v2p2z. (33)
For Eg = 0 this expression reduces to Eq. (5) of the main text.
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